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Exact Analysis of Maximum Available Gain and
Unilateral Gain Including Phase Angle of S21
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Abstract—Exact formulae are presented for both maximum
available gain ( ) and unilateral gain ( ), which include
both the magnitude and phase angle of the 21 parameter. The
result for is not unique since there are many possible
solutions to simultaneously match 11 and 22 when 1.
For the phase angle of , the result tends to become 180 when
using the topology of a variable coupler, a line stretcher, and a
feedback amplifier. From the verifications, an amplifier using the
unilateralizing technique will achieve 4–6 dB higher gain than
that of the amplifier.

Index Terms—Amplifiers, feedback, microwave circuits.

I. INTRODUCTION

FOR AMPLIFIER design, various power gains of a stable
circuit have been defined in the past 50 years [1]. Unilateral

gain ( defined by Mason [2] is the highest gain of these def-
initions and is realized by the unilateralization technique. The
technique discussed by Cheng [3] shows several different net-
works to unilateralize a circuit. An approach to measure uni-
lateral gain was proposed by Lange [4], which reveals that it is
possible to build a stable amplifier with . A more recent review
paper about unilateral gain was published by M. Gupta [5]. To
design a stable unilateral amplifier, an exact analysis of the gain
and the active device is necessary.

The gain formulae, and , only provide the magnitude.
The phase angle of is not available from the previous anal-
ysis. In this letter, exact and amplifier design equations
with the phase angle of are derived. Further study of the am-
plifiers with unilateral gain has shown that a phase angle of
approaching 180 is possible, which allows a perfect inverter.
A 180 phase shift signal has many future applications at fre-
quencies of 18 GHz or higher. The design of the amplifier
and five different types of stable unilateral amplifiers are pre-
sented and verified by commercially-available simulation soft-
ware such as Agilent ADS (Advanced Design System), Applied
Wave Research Microwave Office, and Ansoft Serenade.

II. MAXIMUM AVAILABLE GAIN

The following analysis is based upon [1] (problem 1.17). If
two two-ports, and , are cascaded, the resulting two-port
has the following -parameters:

(1)
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The amplifier is the cascade of three two-ports. By the
above formulae and the assumption of a perfect input and output
match , the result shown as below:

(2)

(3)

This result gives both the gain and phase of , but the phase
depends on the particular matching structure. These formulae
for and have been verified in ADS, Microwave Office,
and Serenade. Equation (2) for bears a startling resemblance
to the transducer gain equation, [1].

III. UNILATERAL GAIN

The unilateral gain, which is defined by Mason, has usually
been used as a design criterion for transistors, because the gain
is invariant to the common terminal for an active device [5]. To
achieve the unilateral gain, , , and of the four -pa-
rameters are reduced to zero using lossless feedback and lossless
matching regardless of the value . The first method of unilater-
alizing an amplifier is to use two lossless feedback elements to
cancel the real and imaginary parts of . This method will turn
out an arbitrary angle of . Three examples of this method
with different feedback circuits are given in Fig. 1.

Another unilateralizing method uses a variable 90 coupler
for the lossless feedback, as proposed by Lange [4], is given in
Fig. 2, which consists of a unilateralizing variable coupler, a line
stretcher, and an internal amplifier that is a amplifier. The

-parameters are given in the following.

A) The -parameters of an ideal directional coupler are

(4)

with , where port 3 is the through port
and port 2 is the coupled port.
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(a) (b)

(c)

Fig. 1. (a) RF schematic diagram of Circuit A and shunt-shunt and
series-series feedbacks [3]. (b) The RF schematic diagram of Circuit B with a
series-shunt feedback [3]. (c) The RF schematic diagram of Circuit C with a
shunt-series feedback [3].

B) The -parameters of a amplifier are defined by

and (5)

where . is
the reverse .

C) The and of the lossless line stretcher are
and .

D) The derivations of -parameters of a unilateral ampli-
fier with 90 directional coupler (Fig. 2) are shown by
Huang [7]. The results are shown in the following:

(6)

(7)

(8)

(9)

Consider the measurement of using Fig. 2, where the
input signal is at the output port and the reflected signal is

at input port. For , the line stretcher varies the phase such
that the coupled portion of is 180 out of phase with the por-
tion of from the transistor amplifier and the line stretcher. If

draws near to zero to achieve unilateralization, the value of
is that of the unilateral gain of the transistor amplifier. The

derivation of unilateralization is shown by Huang [7] and the
result is

only if and (10)

This approach will also produce an arbitrary phase angle of
. Circuit D in Fig. 3 uses the approach and the simulation

Fig. 2. Schematic diagram of the unilateral amplifier.

Fig. 3. RF schematic diagram of Circuit D.

Fig. 4. RF schematic diagram of Circuit E.

results are listed in Table II. Equation (10) is a general analysis
for the circuit shown in Fig. 4. Then, a special condition is dis-
cussed as following. From [7]:

if (11)

Consequently, a perfect inverter at microwave frequencies
can be built when the circuits satisfy (7), (8), (10), and (11),
which means . A novel circuit topology, Circuit E shown
in Fig. 4, that fulfills (10) and (11) is proposed in this paper to
achieve a unilateral amplifier with 180 of . The internal am-
plifier consists of a CE transistor, matching networks, and a par-
allel-parallel feedback network, which makes the phase angles
of and of the internal amplifier the same. This result
also includes both magnitude and phase for the unilateral gain,
which is verified on ADS.

IV. VERIFICATION

MWT-7 MESFET from Microwave Technology Inc., where
the bias conditions are V and mA, is used in
circuits A, B, C, D, and E for the same operational frequency, 18
GHz. The is 1.117 and the is 10.32 dB. The theoretical

is 15.47 dB from Mason’s equation. Using the lossless feed-
back elements to unilateralize the MESFET, the three topologies
in Fig. 1 give the required unilateral gain and various phase an-
gles of and . The results are shown in Table I. Table II
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TABLE I
S-PARAMETERS OF MWT-7, CIRCUIT A, B, AND C AT 18 GHz

TABLE II
PERFORMANCE OF CIRCUIT D AND CIRCUIT E AT 18 GHz

Fig. 5. S-parameters of Circuit A.

illustrates the simulation results of Circuit E and Circuit D. Cir-
cuit E’s is equal to . The phase angle for circuit E is 180
for , which fits (11).

In Fig. 3 and Fig. 4, the parallel resistors in the port 1 and
port 2 are used to make the two circuits stable but decrease
by 0.1 dB. The behaviors with the frequency of the five circuits
are similar, and Fig. 5 plots the -parameters of Circuit A. The
five values of in dB approach the theoretical unilateral gain
and the 3 dB bandwidths of are typically 10%. All circuits

are designed to be stable by the topology of the shunt inductor
of the input and output matching networks. Using the stability
circles to check these cases, the Circuit A, B, C, D, and E are
stable from 1 GHz to 18 GHz, even , which means the
circuits are conditionally stable.

In the five circuits, Circuit A is the most realizable one to
achieve . Circuit D is more complex, but a microwave inverter,
Circuit E, is deduced from Circuit D.

V. CONCLUSION

The design of amplifiers for and has been presented
in a new form. Once the amplifier is determined, the uni-
laterilized amplifier may be achieved with a coupler and line
stretcher, which is demonstrated by Circuit D. The value of the
coupling factor of the coupler is simply the of the am-
plifier. A new topology is proposed (Circuit E) which makes the
phase angle of approximately 180 will have many applica-
tions in microwave circuits. The equations for the new specified
topology give both the magnitude and phase of the , which is
another new feature in the result. From the results of this paper,
it is possible to design an amplifier with unilateral gain and an
arbitrary phase angle of . The experimental results to verify
the advantages of unilateral amplifiers will be published soon
[6].
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